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ON NON-ABELIAN SYMPLECTIC CUTTING
JOHAN MARTENS AND MICHAEL THADDEUS
Abstract. We discuss symplectic cutting for Hamiltonian actions of
non-Abelian compact groups. By using a degeneration based on the
Vinberg monoid we give, in good cases, a global quotient description of
a surgery construction introduced by Woodward and Meinrenken, and
show it can be interpreted in algebro-geometric terms. A key ingredient
is the ‘universal cut’ of the cotangent bundle of the group itself, which is
identified with a moduli space of framed bundles on chains of projective
lines recently introduced by the authors.
1. Introduction
Since its introduction by Lerman in [Ler95], symplectic cutting has proven
to be an elementary yet remarkably useful technique in symplectic geometry
with diverse applications, e.g. [Hau98, LMTW98, LR01, Mar08]. Symplectic
cutting starts from a symplectic manifold (or orbifold) M with a Hamilton-
ian action of a torus T , and a (rational) polyhedral set P in t˚; it returns a
new Hamiltonian T -space MP such that its image under the moment map
is µT pMP q “ µT pMq X P . Moreover the pre-images µ´1T pintpP qq in M and
MP are T -equivariantly symplectomorphic.
The basic construction of the symplectic cut is as a global quotient (in
[Ler95] only actions of a single Up1q were discussed; the natural gener-
alization to cutting with arbitrary tori and polyhedral sets was given in
[LMTW98]). One takes the Cartesian productMˆCn, where n is the num-
ber of facets of P , and then applies a symplectic reduction by the diagonal
Up1qn action:
(1) MP :“
´
M ˆ Cn
¯M
Up1qn.
From this definition it is clear what structuresMP obtains fromM : if the re-
duction is genericMP will again be a symplectic orbifold with a Hamiltonian
T -action, but it can inherit more. If M is Ka¨hler and the T -action extends
to one of TC then the cut space will be Ka¨hler as well (though the symplec-
tomorphism on µ´1T will not be a Ka¨hler isomorphism, see also [BGL02]);
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in fact if M is (semi)projective the whole procedure can be understood as a
geometric invariant theory quotient in algebraic geometry [EG98].
On a topological level, one can understand this construction also more lo-
cally, motivating the alternative name equivariant symplectic surgery. One
takes the pre-image of P under the moment map µT , and on the pre-images
of the facets of P collapses the circle subgroups of T determined by the
normal vectors to the facets:
(2) MP – µ´1pP q{ „ “
ď
PIĂP
µ´1T pintpPIqq{TI ,
where the PI Ă P are the faces of P , and TI is the torus perpendicular
to PI . In line with this local viewpoint Lerman remarks in [Ler95] that
symplectic cutting can be generalized to functions that are not globally
moment maps of torus actions – this property is only needed in the pre-
image of a neighborhood of the boundary of the polyhedral set. If the torus
T is just Up1q and one cuts with respect to two closed half-lines P and
P 1 with a common boundary in up1q˚, one can recover the original M by
applying Gompf’s symplectic sum operation [Gom95] to the two cut spaces
MP and MP 1 .
It is obviously desirable to generalize this cutting construction to non-
Abelian (compact) groups, and a number of approaches have appeared in
the literature, though so far with fewer applications (see however [MW12]
for a recent use). Notice that, given a Hamiltonian K-orbifold, one can al-
ways apply an Abelian cut with respect to the action of the maximal torus
TK , but the resulting cut space will in general only have an action by TK ,
not by K. A first construction of a non-Abelian cut was given by Woodward
in [Woo96], and further detailed by Meinrenken [Mei98]. This construction
gives, for a Hamiltonian action of a compact group K on a symplectic orbi-
fold M and a polyhedral set P in the positive Weyl chamber of K that
satisfies some conditions, a new space, MP , whose Kirwan polytope is the
intersection of P and the Kirwan polytope of M .
Woodward’s construction is surgical in nature, in the style of (2): compose
the moment map µK with the quotient from k
˚ to the positive Weyl cham-
ber t˚`, take the pre-image of P under this map, and again collapse certain
circle actions on the pre-images of the facets (i.e. locally apply an Abelian
symplectic cut with respect to these circle actions). Unlike the Abelian case,
these circle actions do not extend to global actions onM , essentially because
the map to t˚` is not smooth everywhere. Intuitively, this explains why cut-
ting in the non-Abelian case is a more subtle notion than in the case of torus
actions. For instance, in contrast to the Abelian case, non-Abelian cutting
need not result in a Ka¨hler structure on MP if M was Ka¨hler. Indeed, in
[Woo98] Woodward considers a co-adjoint orbit of Up3q (which is of course
Ka¨hler), applies a non-Abelian symplectic cut with respect to the action
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of Up2q Ă Up3q, and shows, using earlier work of Tolman [Tol98], that the
resulting cut space does not possess any compatible Ka¨hler structure.
Besides the construction of [Woo96, Mei98] two other definitions labeled
symplectic cutting for non-Abelian group actions have appeared in the liter-
ature, one given by Paradan in [Par09] (for general compact K) and one by
Weitsman [Wei01] (for K “ Upnq, also discussed by Dancer and Swann in
[DS10]). These authors used their constructions in the context of geomet-
ric quantization of non-compact Hamiltonian K-spaces with proper moment
maps. In both cases the cut spaces were defined as symplectic reductions
by K of M ˆ A, where A is a symplectic (in fact Ka¨hler, even complex
algebraic) space equipped with Hamiltonian left and right actions of K. In
the construction of Paradan A is a projective smooth (toroidal) compactifi-
cation of KC; in the construction of Weitsman A “ MnˆnpCq, the space of
n ˆ n matrices with complex entries. Since symplectic reduction preserves
Ka¨hler structures, these symplectic cuts always result in Ka¨hler spaces if
M is Ka¨hler. A priori it is unclear how they are related to Woodward’s
construction; in fact both Paradan and Weitsman state their constructions
are different.
It is the aim of this note to show that in good cases a global quotient
counterpart, in the style of (1), to the construction of Woodward does exist.
As in the Abelian case this allows for the cut to be understood in Ka¨hler
geometry and even in algebro-geometric terms ifM is Ka¨hler or an algebraic
variety to begin with. As a consequence it follows that the construction of
Paradan is a special case of the construction of Woodward.
In order to do this we proceed in two steps: the first involves the notion
of a universal cut, given as the symplectic cut of the group K acting on its
own cotangent bundle T ˚K. We show that for a sufficiently general P the
cut space MP can be obtained as the symplectic reduction of the Cartesian
product of M with this universal cut pT ˚KqP :
(3) MP –
ˆ
M ˆ pT ˚KqP
˙M
K.
This is highly reminiscent of the symplectic implosion construction of Guille-
min, Jeffrey and Sjamaar [GJS02], for which the action of the compact group
on its own cotangent bundle also provided a universal implosion.
After establishing this we can now focus our attention solely on discussing
pT ˚KqP , which will take up the bulk of the paper. At this point, we re-
strict ourselves even further to cuts where the polyhedral set is given by
the intersection of a Weyl-invariant polyhedral set in t˚ with t˚` (with some
mild extra conditions; an example is given in Figure 1). Though restrictive
this is still sufficient to obtain compact MP if the original moment map was
proper. In these cases we then establish a global construction for the univer-
sal cut, as a symplectic reduction or geometric invariant theory quotient of
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a certain affine variety. This construction appeared recently in other work
of the authors, [MT11], where pT ˚KqP , which in algebraic geometry is a
compactification of KC, was shown to be a moduli space of KC-bundles on
chains of projective lines.
Figure 1. A polytope with outward normal vectors in the
positive Weyl chamber, meeting any wall of the Weyl chamber
perpendicularly.
The main technical tool that allows us to do this is the remarkable Vinberg
monoid, introduced in [Vin95b]. One can interpret this monoid as the total
space of a particular KC ˆ KC-equivariant degeneration of KC, in such a
way that the degenerate fibers now do possess the extra needed symmetry.
The simplest non-trivial example of this is KC “ SLp2,Cq. The function
to the positive Weyl chamber which one uses to apply a symplectic cut a` la
Woodward here is
(4) A ÞÑ
d
´ det
ˆ
A˚A´ 1
2
TrpA˚AqI2ˆ2
˙
,
the absolute value of the eigenvalue of the SUp2q moment map. Since this
function is not smooth everywhere on SLp2,Cq, it cannot be the Hamilton-
ian of a globally defined Up1q-action. The Vinberg monoid in this case is
simplyM2ˆ2pCq, which we can think of as a degeneration of SLp2,Cq to the
subvariety of singular matrices. This subvariety is singular (a cone over a
quadric); however it has, unlike any of the other fibers of the determinant,
an extra symmetry besides the SUp2qˆSUp2q-action, as it is also preserved
under scalar multiplication. On the smooth locus this global Up1q action
has (4) as Hamiltonian (up to a factor 1
2
, see Section 3.2.2).
The outline of the paper is as follows: in Section 2 we discuss some pre-
liminaries and we describe the non-Abelian cut construction as given in
[Woo96, Mei98]. To set the tone for the rest of the paper we also recall the
Delzant construction of toric orbifolds and show that it can be interpreted
as an (Abelian) symplectic cut of the cotangent bundle of the compact torus
in the vein described above; this reinterpretation even extends its use. In
Section 3.1 we then restrict to cutting with respect to a universal polyhedral
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set and show (3). In 3.2 we further restrict to the case where the (outward)
normal vectors to the faces of the polyhedral set are all in the positive Weyl
chamber. We recall the Cox-Vinberg construction introduced by the authors
in [MT11], and show that it corresponds in symplectic geometry to the cut
of T ˚K. This allows us to formulate in Corollary 3.5 the generalization of
(1) to the non-Abelian case, as a torus quotient of the total space of a de-
generation of M based on the Vinberg monoid. In 4.1 we mention how this
recovers the cuts used by Paradan. We briefly discuss the cut of Weitsman
in 4.2. This construction, which applies to Hamiltonian Upnq-actions, is not
a special case of Woodward’s definition, but it can be described through a
local surgery method which we outline. Finally, in Appendices A and B we
describe some of the symplectic geometry of complex reductive groups and
reductive monoids necessary for the proof of Theorem 3.4.
Acknowledgements. The authors would like to thank Eugene Lerman,
Reyer Sjamaar, Chris Woodward, Andrew Swann, Hans-Christian Herbig,
Brendan McLellan, Lisa Jeffrey and, via MathOverflow, Reimundo Heluani
and Peter Kronheimer for useful conversations.
2. Preliminaries
2.1. Notation & basic conventions. Let K be a compact connected Lie
group with Lie algebra k, and G “ KC its complexification, a complex
reductive group. We fix a maximal torus T Ă K with Lie algebra t, giving
TC Ă G, and we denote the Weyl group by W . We choose closed positive
Weyl chambers, denoted by t` and t
˚
`. We use x., .y for the pairing between
t and t˚, and we shall denote by τ the involution given by τpxq “ ´wpxq,
where w is the longest element of W .
Slightly adapting the terminology of Cox et al. [CLS12] and Hausel-Sturmfels
[HS02], we say a variety is semiprojective if it is projective over an affine
variety. We shall use symplectic reduction, Ka¨hler quotients and geometric
invariant theory (GIT) quotients, and shall denote them all by
M{ξ K or M{ξ G,
where ξ either indicates the central value in k˚ at which the symplectic
reduction is taken, or the linearization used for the GIT quotient.
All the GIT quotients we encounter will have no properly semistable points.
Moreover we shall always consider the orbifold (smooth Deligne-Mumford
stack with trivial generic stabilizer) rM s{Gs, and we shall abuse notation
by still referring to this stack-theoretic quotient as the GIT quotient rather
than to its coarse moduli space (which is what is normally understood as the
GIT quotient). Likewise we shall be somewhat cavalier in the symplectic
category when talking about orbifolds and Hamiltonian group actions on
them; we refer to [LM12] for all background.
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We have actions of K on itself and on G, which we shall denote uniformly
by Lkpgq “ kg and Rkpgq “ gk´1. We shall identify elements in k with
left-invariant vector fields and as such obtain identifications
TK – K ˆ k and T ˚K – K ˆ k˚.
The actions L and R of K on K lift to T ˚K, and in the above trivialization
they are given by
L
k˜
pk, λq “ pk˜k, λq and R
k˜
pk, λq “ pkk˜´1,Ad˚
k˜
λq.
Both are Hamiltonian with respect to the canonical symplectic form, with
moment maps respectively given by
µLpk, λq “ ´Ad˚kpλq and µRpk, λq “ λ.
Given a matrix A PMNˆN pCq, we shall denote its Hermitian conjugate (i.e.
conjugate transposed) by A˚ “ At.
2.2. Labeled polytopes and stacky fans. As mentioned before, when
making a symplectic cut, Abelian or non-Abelian, we will need to specify a
rational polyhedral set P , i.e. a set cut out by a finite number of half spaces
determined by
(5) xβi, xy ď ξi,
where the variable x ranges over t˚, the ξi are real numbers, and the outward
normal vectors βi are integral vectors in tZ. Often one takes the βi to be
indivisible in the integer lattice, but when working in an orbifold setting it
is useful to relax this condition, and to allow the βi to be positive integer
multiples of the minimal integral outward normal vectors to the facets of
P . One can indicate this by labeling the facets of P with positive integers,
as done in [LT97]. These extra data make the fan determined by P into
a stacky fan as in [BCS05, FMN10]; see Figure 2 for an illustration. As
this creates no further complications otherwise, we shall throughout tacitly
assume that such a choice of labeling or stacky fan has been made, which
we shall indicate in the pictures by drawing the βi as normal vectors to the
facets of P . In the non-Abelian situation we will restrict the P determined
by (5) to t˚`; we shall always assume that each half-space has a non-empty
intersection with t˚`.
Moreover, whenever we want to interpret the cut in algebraic geometry we
shall also assume that the ξi are rational, so that we can use the n-tuple
ξ “ pξ1, . . . , ξnq to construct a fractional linearization (see e.g. [Tha96]) with
respect to which we can take a GIT quotient.
Because we stick to an orbifold context, P will always be simple (but not
necessarily Delzant). Most of what follows can however be generalized to
stratified symplectic spaces, where the simple condition is no longer neces-
sary.
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Figure 2. The stacky fan corresponding to a labeled polyhe-
dral set.
2.3. The Delzant construction as a symplectic cut of T ˚T . The cele-
brated construction by Delzant [Del88] realizes every (compact) toric mani-
fold M as a symplectic reduction of a complex vector space Cn (where n is
the number of facets of the moment polytope ofM) by a subgroup of Up1qn.
In particular, if the polytope P is described by the inequalities (5), the βi
determine a short exact sequence
(6) 1Ñ LÑ Up1qn Ñ T Ñ 1,
and Delzant shows that
M – Cn{ξ L.
The algebro-geometric equivalent of the Delzant construction is known as
the Cox construction [Cox95], which realizes toric varieties as categorical
quotients of an open subset of Cn by the complexification of Up1qn, and
which is a GIT quotient if the toric variety is (semi)projective.
For the Delzant construction in this form to work it is crucial that the
sequence (6) be exact on the right (which is equivalent to saying that the
βi generate t). This is always the case for compact toric manifolds, but it
often fails for toric manifolds that are non-compact but still have a proper
moment map. E.g. for any compact torus T the cotangent bundle T ˚T is a
toric manifold, but the (proper) moment map
µT : T
˚T – T ˆ t˚ Ñ t˚ : pt, hq ÞÑ h
is surjective, and hence there are no βi at all. One can however formulate
a slight variation on the Delzant construction, which is equivalent to the
Delzant construction when the sequence (6) is exact on the right, but which
also works for non-compact toric manifolds whose moment maps are proper
onto a polyhedral set. Indeed, we always have a Up1qn-action on CnˆT ˚T ,
in the usual way on the first factor and by the cotangent lift of the action
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β : Up1qn ýT determined by the βi on the second. Then one can simply
use
(7) M –
´
C
n ˆ T ˚T
¯M
ξ
Up1qn “ pT ˚T qP .
This variation has the additional feature that it manifestly realizes the toric
manifold as an (Abelian) symplectic cut of T ˚T . Visually we can just inter-
pret every factor of Up1qn cutting down the surjective image of the moment
map for the action of T on T ˚T by the corresponding half-space, finally
resulting in the desired polyhedral set P .
2.4. Non-Abelian symplectic cutting. We shall briefly review the con-
struction given in [Woo96, §8] and [Mei98, §6]. Strictly speaking Woodward
introduced the cut with respect to a single hyperplane; the natural gener-
alization to polyhedral sets was given by Meinrenken, whose exposition we
shall summarize.
Let M be a Hamiltonian K-orbifold, with moment map µK : M Ñ k˚.
We have t˚{W – k˚{K, and we can identify t˚{W with t˚`, a fundamental
domain for the W -action. We have a canonical inclusion t˚ ãÑ k˚ as the
invariant part under the coadjoint representation of TK on k
˚, and in fact
the triangle
t˚ k˚
t˚` – t˚{W – k˚{K
q
commutes. We denote by Φ the composition
(8) Φ : M
µKÝÑ k˚ qÝÑ t˚`.
By a theorem of Kirwan [Kir84] ΦpMq is a polytope if M is compact, often
referred to as the Kirwan polytope1. Now let a polyhedral set P be given in
t˚`, determined by inequalities (5), that satisfies a few extra properties (see
Definition 2.1 below). The basic idea is to cut with respect to the functions
fi “ xβi,Φp.qy – i.e. take the pre-image of P under Φ and collapse by a circle
action that has fi as Hamiltonian on the i-th facet. The functions fi are
however not globally smooth (because q is not), and therefore cannot gener-
ate global Up1q actions. The approach of [Woo96] and [Mei98] is therefore
to just work locally and observe that this is sufficient.
1By using non-Abelian cutting this implies that if M is not compact but has a proper
moment map then ΦpMq is a locally polyhedral set – this was also proven (before the
advent of symplectic cutting) in [HNP94]. We shall abuse terminology and still refer to
ΦpMq as the Kirwan polytope.
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In what follows, when we refer to a ‘face of P ’, we just mean the intersection
of P with a finite number of hyperplanes xβi, xy “ ξi, i.e. the walls of the
Weyl chamber itself are not taken into account. Likewise the interior of P
is just given by
intpP q “ t˚`
č "
xβi, xy ă ξi
*
;
in particular this can contain elements on walls of the Weyl chamber. We
shall denote faces of P by PI , where I Ă t1, . . . , nu indicates which inequal-
ities to set to equalities. For each such PI , we shall denote by TI the groupś
iPI Up1qi, which comes with a homomorphism φI to T by the pβiqiPI .
Definition 2.1. Given M as above, we say P is admissible with respect to
M if the following three conditions are satisfied:
(1) The affine hyperplanes xβi, xy “ ξi are all transversal (i.e. P is sim-
ple in t˚).
(2) For all faces PI of P , and all x P µ´1K pPI X t˚`q, kx X tI “ t0u, where
kx is the Lie algebra of the stabilizer of x in K.
(3) For all faces PI of P meeting a face σ of t
˚
` in ΦpMq, the tangent
space to PI contains the affine subspace perpendicular to σ.
Given a face σ of t˚`, we denote by Kσ the stabilizer group for the coadjoint
action, and Aσ its connected center. Since T Ă Kσ, we always have Aσ Ă T .
For any such σ, write
(9) Uσ “
ď
σĂrσ intprσq and Yσ “ µ´1 pAd˚pKσqpUσqq .
By the symplectic cross-section theorem ([Mei98, Theorem 6.1],[GS90, §26]),
Yσ is a Hamiltonian Kσ-space, and the action of Aσ on Yσ extends uniquely
to an action on Mσ “ Φ´1 pUσq that commutes with the action of K. The
moment map for this Aσ action is given by
(10) µAσ “ πσ ˝ Φ,
where πσ is the natural map t
˚ Ñ a˚σ. Notice that this action of Aσ is in
general not the induced action of a subgroup of K.
Now suppose we have a P admissible with respect to M . By condition (3)
of Definition (2.1) φIpTIq is a subgroup of Aσ for all σ with PI X σ ‰ H.
One can choose a neighborhood σ Ă Vσ Ă Uσ for any σ such that
(11) Vσ X P “ Vσ X π´1σ pP X a˚σq
(observe that we have canonical inclusions a˚σ Ă t˚). By using the Aσ-actions
we can take the (Abelian) symplectic cuts Φ´1 pVσqPσ , where Pσ “ P X a˚σ.
Moreover, the Φ´1 pVσq cover M , and we can glue the local cuts Φ´1 pVσqPσ
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together to obtain a new Hamiltonian K-orbifold, which we refer to as the
cut space MP . We have
ΦpMP q “ ΦpMq X P,
and there is a decomposition into symplectic suborbifolds
(12) MP “
ď
PIĂP
Φ´1
´
intpPIq
M¯
TI .
Definition 2.2. We say P is universal if P is admissible with respect to
T ˚K, equipped with the K-action R.
This just means that P is simple and that if a face of P intersects a wall of
the Weyl chamber t˚`, it does so perpendicularly, as illustrated in Figure 3.
P
P P
Figure 3. Examples of universal polyhedral sets P for K “ SUp3q.
Remark 1. Given M , not all admissible polyhedral sets need be universal.
The cut employed by Woodward in [Woo98] on a coadjoint Up3q-orbit (see
Figure 4) cannot be made with respect to a universal polyhedral set.
t˚`
ΦKpMq
P
Figure 4. The cut employed in [Woo98].
3. A global quotient construction for cuts
3.1. The universal cut. We begin by introducing the notion of a universal
cut, i.e. a cut of T ˚K, as a tool for studying cuts for arbitrary orbifolds.
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This idea is essentially applicable to any universal procedure one can ap-
ply to a Hamiltonian K-orbifold and was used in [GJS02] for symplectic
implosions.
Proposition 3.1. Let M be a Hamiltonian K-orbifold, and let P be a uni-
versal polyhedral set in t˚`, admissible with respect to M . Then
MP –
´
M ˆ pT ˚KqP
M¯
0
K,
where we cut T ˚K with respect to the action R, and the diagonal action of
K on M ˆ pT ˚KqP uses the L-action on the second factor.
The above choices of actions are just made for convenience. Notice that
cutting T ˚K using a polyhedral set P and the action R is the same as
cutting it with respect to τpP q and the action L.
Proof. First recall (see e.g. [GJS02, Lemma 4.8]) that given anyM as above,
we have that, as Hamiltonian K-orbifolds,
M – pM ˆ T ˚Kq {0 K.
To complete the proof it just suffices to observe that, given two commuting
Hamiltonian actions, symplectic cutting for one (with respect to a univer-
sal and admissible polyhedral set) and symplectic reduction for the other
commute. 
In the Abelian case K “ T , Proposition 3.1, together with (7), just states
the well-known fact that the Abelian symplectic cut can be realized as the
reduction by T of the product of M and the toric orbifold determined by
P .
3.2. Universal cuts and toroidal G-embeddings.
3.2.1. Outward-positive polyhedral sets. Because of Proposition 3.1, we can
restrict ourselves to studying pT ˚KqP when cutting with respect to a uni-
versal P . For the rest of the paper, we shall make a further restriction on
the P that we use.
Definition 3.2. A polyhedral set P in t˚` determined by a finite number of
inequalities of the form (5) is said to be outward-positive if all the βi are
contained in the positive Weyl chamber t`.
See Figure 5 for some examples of outward-positive polyhedral sets (note
that none of the universal polyhedral sets of Figure 3 are outward-positive).
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P P
Figure 5. Examples of universal outward-positive polyhedral
sets P for K “ SUp3q and K “ Up2q.
Remark 2. When cutting with an outward-positive polyhedral set P , there is
little loss of generality in assuming that P is also universal. Indeed, suppose
the moment map for M is proper and P is admissible with respect to M
and outward-positive, but not necessarily universal. Then one can always
impose some extra inequalities to obtain a new outward-positive polyhedral
set rP Ă P such that rP is universal and MP – M rP ; see Figure 6 for an
example. This is not true if P is not outward-positive.
ΦKpMq rPP
Figure 6. A symplectic cut made with a non-universal
outward-positive polyhedral set P and the same cut obtained
with a universal outward-positive rP Ă P .
An outward-positive polyhedral set P can always be written as the inter-
section of t˚` with a W -invariant polyhedral set WP in t
˚; if P is moreover
also universal this WP will have all of its vertices in the interiors of Weyl
chambers. Given such a P we shall denote its (stacky) fan of normal vectors
by Σ; the support of Σ is entirely contained in t`.
Our aim is now to show that if the polyhedral set is outward-positive then
pT ˚KqP can be understood in algebro-geometric terms as a (polarized)
toroidal spherical embedding of G.
These embeddings where studied in [MT11], where it was shown they can
be interpreted as moduli spaces of framed G-bundles on chains of projective
lines. In [MT11] they were denoted by MGpΣq, but since we shall always
consider them here with a choice of a (rational) polarization we shall refer
to them asMGpP q. These are smooth Deligne-Mumford stacks, with trivial
generic stabilizer and a G ˆ G -action. Their coarse moduli spaces are
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semiprojective toroidal sphericalGˆG-varieties. If P is compact theMGpP q
are compactifications of G; P can then also be described as the intersection
of t˚` with the convex hull of the Weyl orbit of a finite number of points in
the interior of t˚`.
Of particular relevance here is that in [MT11] a construction was given,
dubbed the Cox-Vinberg quotient, that realizes MGpΣq as a torus quotient
of an open subvariety of a certain affine variety. IfMGpΣq is semiprojective,
which is always the case in our current context, the Cox-Vinberg quotient
can be understood as a GIT quotient. We shall here consider it as a sym-
plectic reduction, in which sense it generalizes the variant on the Delzant
construction outlined in Section 2.3.
Notice that, if pT ˚KqP is a compact manifold, the Delzant conjecture, now
proven in [Kno11] and [Los09], shows that pT ˚KqP is determined up to equi-
variant symplectomorphism by its Kirwan polytope, since it is multiplicity-
free. This could be used to show the symplectomorphism we want to estab-
lish2. Our strategy for the proof is entirely different however, as we aim to
clarify the relationship between the construction of pT ˚KqP as a symplectic
cut and the Cox-Vinberg quotient. This has as an added advantage that it
also works if pT ˚KqP is not compact or if it is an orbifold (or possibly even
if it is singular and interpreted as a stratified symplectic space). It seems
very plausible that a generalization of the Delzant conjecture holds true for
Hamiltonian K-orbifolds with proper moment maps; it is well-known how-
ever that, in contrast to the Abelian case, the Delzant conjecture is false
when one allows singular spaces.
3.2.2. The Cox-Vinberg construction. At the heart of this Cox-Vinberg quo-
tient construction lies the Vinberg monoid SG of a (complex) reductive group
G. This is a reductive affine monoid, with group of unitsrG “ pGˆ Zq{ZG.
Here Z is a torus with a given isomorphism to the maximal torus TG, and
ZG is the antidiagonal embedding of the center of G. For G semisimple SG
was introduced by Vinberg in [Vin95b], where it was called the enveloping
semigroup of G. For arbitrary reductive G the definition was extended
by Alexeev and Brion in [AB04] (this generalization shares most of the
properties SG has if G is semisimple, with the possible exception of the
universal property exhibited by Vinberg). It can be described as follows:
by the algebraic Peter-Weyl theorem, the ring of regular functions of any
complex reductive group G decomposes as a GˆG-representation as
krGs “à
λ
krGsλ,
2Indeed, this strategy was used by Manolescu and Woodward for the wonderful com-
pactification of an adjoint group in the unpublished [MW08]. We are grateful to the
authors for sharing this manuscript with us.
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where krGsλ are the matrix coefficients of the irreducible representation with
highest weight λ as functions on G. The Vinberg monoid is defined as the
spectrum of a subring of kr rGs. Let XG be the character lattice for TG. The
character lattice of T rG is then given by
X rG “
"
px, yq P X2G
ˇˇˇ
x´ y “
ÿ
niαi, ni P Z
*
,
where the αi are the positive simple roots of G (or K).
The Vinberg monoid is now defined (as a variety) by
SG :“ Spec
¨˝ à
λ P X rGXQG
kr rGsλ‚˛,
where QG is the cone
QG :“
#
px, x`
ÿ
i
miαiq
ˇˇˇ
x P t˚`,mi ě 0
+
.
The variety SG contains rG as a dense open subvariety, and in fact Vinberg
shows in [Vin95b] that SG is a monoid, with a multiplication operation that
extends the multiplication of rG. Moreover the affine GIT quotient
A :“ SG
M
0
pGˆGq
is the smooth affine toric variety for the torus Z{ZG determined by the cone
spanned by the αi. The fibers of πG : SG Ñ A over the open orbit of A are
all isomorphic to G as GˆG-varieties; the fiber over the Z{ZG-fixed point of
A is referred to as the asymptotic semigroup of G by Vinberg [Vin95a].
Suppose now that a polyhedral set as above is given, with (outward) normal
vectors βi. These βi determine homomorphisms φβi from Gm “ C˚ into Z
and hence also into Z{ZG. Since moreover all the βi are contained in the
positive Weyl chamber t`, the collective homomorphism φβ from Gβ :“ Gnm
to Z{ZG extends to a homomorphism of monoids φβ from Aβ :“ Cn to A.
We can now take the fibered product
SG,β SG
Aβ A.
φβ
πG
This is a monoid with group of units GˆGβ, flat over Aβ, with generic fibers
isomorphic to G. Note that φβ can only be the identity if K is adjoint and
the βi are the fundamental coweights ̟
_
i . This is also the reason behind the
extra factor occurring in the SLp2,Cq example given in the introduction: the
SSLp2,Cq,β one wants to consider to cut SLp2,Cq is not just M2ˆ2pCq (which
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is SSLp2,Cq), but rather matrices in M2ˆ2pCq together with a choice of a
square root of their determinant.
It is straightforward to check that we can describe SG,β directly as fol-
lows.
Lemma 3.3. If we define the cone
(13) QG,β :“
!
px, pxβi, xy `miqiq
ˇˇˇ
x P t˚`,mi ě 0
)
Ă t˚ ‘ pup1qnq˚,
we have
SG,β “ Spec
¨˝ à
λPXGˆGβXQG,β
krG ˆGβsλ‚˛.
Consider now the action of Gβ on SG,β, given by the obvious action on Aβ
and the action on SG induced by the homomorphism Gβ Ñ Z. It is proven
in [MT11] that we have
(14) SG,β{ξ Gβ –MGpP q;
for our purposes we can take this as the definition of MGpP q.
3.2.3. Hamiltonian geometry of SG,β. We want to show that, if we interpret
this quotient in symplectic geometry, the result is symplectomorphic to the
corresponding cut of T ˚K. In order to do so we need to choose a symplectic
structure on SG,β; we shall choose one coming from an affine embedding by
restricting the Euclidean metric on the ambient space.
In particular, we shall choose an embedding ι that realizes SG,β as a closed
submonoid of some MNˆN pCq. This of course determines a representation
of its group of units, GˆGβ, and ι is equivariant with respect to the left and
right action of G ˆ Gβ on SG,β by multiplication. Such a choice of ι is al-
ways possible: see [Vin95b, Remark on page 169]. In this way SG,β becomes
Ka¨hler3, and the GIT construction will lead to a variety that is semipro-
jective and hence again Ka¨hler by combining the Fubini-Study metric with
the Euclidean one. We shall use a maximal compact subgroup K ˆ Up1qn
of GˆGβ compatible with this Ka¨hler structure.
Notice that our only ambition here is to relate a purely algebraic construction
to a purely symplectic one, and we can therefore just choose a compatible
Ka¨hler structure to serve our purposes. The full problem of describing all
of the admissible Ka¨hler structures that can occur on this symplectic cut is
more subtle and is not addressed here.
3Strictly speaking, since SG,β a priori might have singularities, it would have to be
interpreted as a stratified symplectic space. We can ignore these issues however, since the
GIT-stable subvariety of SG,β is smooth, by [MT11, Theorem 7.1] and [Vin95b, Theorem
8].
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It follows from [Sja98, Theorem 4.9] that the cone QG,β given in (13) is the
image of ΦKˆUp1qn , i.e. the moment map µKˆUp1qn for the R-action of K ˆ
Up1qn on SG,β composed with the projection on the positive Weyl chamber
t˚`‘pup1qnq˚ (the map ΦKˆUp1qn for the L-action is given by composing the
one for the R-action with τ).
Lemma B.2 gives us moreover a section of the moment map µKˆUp1qn , which
we shall simply denote by s. In what follows we shall furthermore denote
the moment map for the Up1qr-action on SG,β by µ.
3.2.4. Correspondence results. With all of this set up, we are ready for our
main result.
Theorem 3.4. There is a K ˆK-equivariant symplectomorphism of (real)
orbifolds
pT ˚KqP –MGpP q.
Proof. We begin by establishing local (orbifold) diffeomorphisms. We shall
follow here the notation used in Section 2.4. Recall that there local descrip-
tions of the non-abelian cut were given as abelian symplectic cuts Φ´1pVσqPσ
using the local action of Aσ that commuted with the action of K. In turn
these abelian symplectic cuts are defined as
Φ´1pVσqPσ “
´
Φ´1pVσq ˆ Cr
¯M
pξjqjPJ
Up1qr,
where J denotes the equations among all inequalities (5) needed to describe
Pσ – for convenience we shall assume that J “ t1, . . . , ru. In what follows we
shall need to make one small modification to this description: rather than
using Vσ that are neighborhoods of all of σ in Uσ satisfying (11), we shall
just use neighborhoods rVσ of σXP in Uσ that satisfy (11) and moreover have
the property that the inequalities (5) are strict for all j R J , as illustrated in
Figure 7. One easily sees that Φ´1pVσqPσ “ Φ´1prVσqPσ if Vσ X P “ rVσ XP .
P
σrVσ
Figure 7. Example of rVσ for K “ SUp3q.
We shall now write down a map Tσ from Φ
´1prVσqˆCr to SG,β, for which we
describe elements in Cr in polar coordinates as peiθjrjqjPJ – we normalize
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the moment map of Up1qr on Cr to be pr2j qj . We define
Tσ : ppk, γq, peiθj rjqjq ÞÑ pk, peiθj qlomon
jPJ
, p1, . . . , 1qloooomoooon
jRJ
q.s`γ, pr2j ` xβj , qpγqyqlooooooooomooooooooon
jPJ
, pξjqlomon
jRJ
˘
,
where ‘.’ denotes the L-action; see Figure 8 for an illustration. This is well-
defined: because of the restrictions to rVσ the argument of s indeed lies in
its domain, i.e. Ad˚pK ˆUp1qnqpQG,βq, and secondly, there is an ambiguity
in the eiθj whenever rj “ 0, but one checks that the action of eiθj on both
Aβ and (using [Vin95b, Theorem 7]) on SG, and hence on the image of Tσ,
is trivial whenever rj “ 0.
ΦK
µ
rVσmin
t˚`
Tσmin
QG,β
ξ
ΦK
µ
rVσmax ˆ r0,8q
t˚` Tσ
max
QG,β
ξ
Figure 8. The maps Tσ on the level of Kirwan polytopes
for K “ SUp2q, t˚` – r0,8q Ă R, P “ r0, ξs, σmin “ t0u,rVσmin “ r0, ξq, σmax “ p0,8q, rVσmax “ p0,8q. The dashed
lines in the lower picture indicate level sets of the moment
maps for the Up1qr and Up1qn-actions respectively.
The map Tσ is equivariant for the action of K ˆK and Up1qr, where K ˆ
K acts in the obvious way on Φ´1prVσq and Up1qr acts diagonally on the
product, on Φ´1prVσq through Aσ and on Cr in the obvious way. Using (10)
one sees that the moment map for this Up1qr-action on Φ´1prVσq ˆ Cr is
given by
ppk, γq, peiθj rjqjq ÞÑ pr2j ` xβj , qpγqyqj ;
from this and the formula for Tσ it follows that the pξ1, . . . , ξrq-level set of
this moment map gets sent by Tσ to µ
´1pξq Ă SG,β. Using the equivariant
normal forms (see [Mar85, GS84]) for said actions one sees that Tσ is an
embedding as well.
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One can now think of the symplectic reduction SG,β{ξ Up1qn as happening
in two stages: first take the reduction by the first r factors of Up1qn, and
then by the remaining n´ r ones. If the image of Tσ intersects an orbit for
the last n´ r Up1q-factors it does so transversely and in a single point (the
latter follows by using Lemma B.3 and [Vin95b, Theorem 7]); as a result
Tσ
`
Φ´1prVσq ˆCr˘{pξjqjPJ Up1qr provides an orbifold slice for the level set of
the moment map for the last n´r Up1q-factors acting on SG,β{pξjqjPJ Up1qr.
Therefore the induced map
rTσ : Φ´1prVσqPσ Ñ rTσ´Φ´1prVσqPσ¯ Ă SG,β{ξ Up1qn
is an orbifold diffeomorphism onto an open suborbifold of MGpP q.
The various rTσ glue together to rT , which is still an embedding. Indeed,
if we think of pT ˚KqP on a topological level as starting from Φ´1pP q and
collapsing the boundary following (12), then as a map between topological
spaces T˜ is induced by the map
T top : Φ´1pP q Ñ µ´1pξq Ă SG,β : pk, γq ÞÑ k.spγ, ξq,
from which one sees that rT is injective since T top is injective and any TI -orbit
in its source that has to be collapsed gets sent into a Up1qn-orbit.
To see that rT is also surjective, observe that every Up1qn orbit in µ´1pξq Ă
SG,β meets some TσpΦ´1prVσqq, essentially since it follows from (13) that
ΦK
`
µ´1pξq˘ “ P,
where ΦK is q˝µK : SG,β Ñ t˚`. Hence rT is a global diffeomorphism between
the orbifolds.
To show that this is a symplectomorphism, it suffices to show it for a dense
open subset. Let σmin be the minimal face of t˚` (containing the origin). We
can take as rVσmin the whole of intpP q. We have´
TσminpΦ´1pintpP qqq ˆ Up1qn
¯
“
´
µ´1pξq X pGˆGβ Ă SG,βq
¯
.
Since the symplectic form on SG,β is obtained from ι and we are now working
in the reductive group GˆGβ inside SG,β, Lemma A.2 ensures that we can
use Lemma A.1, from which it follows that in the diagram
TσminpΦ´1pintpP qqq ˆ Up1qn µ´1pξq Ă SG,β
Φ´1pintpP qq
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the pull-backs of the symplectic forms on Φ´1pintpP qq and SG,β coincide,
which establishes that the global diffeomorphism rT is indeed a symplecto-
morphism on Φ´1pintpP qq, and hence everywhere. This concludes the proof.

Finally from this we can conclude a non-Abelian version of (1).
Corollary 3.5. There is a natural symplectomorphism
(15) MP –
ˆ´
pM ˆ SGq
M
0
K
¯
ˆA Aβ
˙M
ξ
Up1qn.
Proof. It suffices to combine Theorem 3.4 with Proposition 3.1 and (14),
and notice that since all group actions involved commute we can switch the
order of the quotients. 
Remark 3. If K “ T is a torus, SG is just G “ TC and A is a point; (15)
then just reduces to (1). If M is a semiprojective algebraic variety, we can
think of pM ˆ SGq {0 G as the total space of a flat degeneration of M over
A; this family also appeared in [AB04, §7].
4. Comparison with constructions of Paradan and Weitsman
4.1. Paradan. As stated in the introduction, Paradan [Par09] defines non-
Abelian symplectic cutting of M as the reduction
Mcut “ pM ˆAq{0 K,
where A is a smooth projective variety which GˆG-equivariantly compact-
ifies G. Paradan constructs this by taking a finite collection of irreducible
representations Vλi of G, where all the highest weights λi are regular dom-
inant weights, i.e. contained in the interior of t˚`. He shows that if the
convex hull of the W -orbits of the λi is a Delzant polytope then one has an
embedding
G ãÑ P
˜à
i
EndpVλiq
¸
,
and A, the closure of G in this projective space, is a non-singular vari-
ety.
It follows from the theory of spherical embeddings (see e.g. [Tim11, Example
29.7] or [Pez10]) that all such A are toroidal spherical GˆG-varieties. If K
is adjoint or Sppnq (or a product of these), it even suffices to take a single
regular λi. In this case A will have a unique closed GˆG orbit, i.e. it will
be a wonderful compactification of G since it is also smooth.
Any toroidal embedding of G, in particular the non-singular ones used by
Paradan, can be obtained from the Cox-Vinberg construction given in Sec-
tion 3.2.2. It suffices to use as P the intersection of the convex hull of the
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W -orbits of the λi with t
˚
` – it is easy to see this is a universal polytope. As
a result the cut construction of Paradan can be seen as a special case of the
cut of Woodward.
4.2. Weitsman. In [Wei01] Weitsman defines a symplectic cut for Hamil-
tonian Upnq-manifolds by
Mǫ “
´
M ˆMnˆnpCq
¯M
ǫ
Upnq,
where ǫ is a central value in upnq˚. A surgery-type description for this
construction was also given in [DS10, §3]; we rephrase it here in the language
we have used for the Woodward construction. We shall use as T the set of
diagonal matrices in Upnq, as before we identify upnq with upnq˚ by means
of an invariant metric, and we use as positive Weyl chamber
t˚` “
$’’’&’’’%i
¨˚
˚˝˚ λ1 λ2
. . .
λn
‹˛‹‹‚, with λ1 ě ¨ ¨ ¨ ě λn
,///.///- .
Define the subsets of t˚`
Pǫ,k :“
 
λ1 ě ¨ ¨ ¨ ě λn´k ą λn´k`1 “ ¨ ¨ ¨ “ λn “ ǫ
(
.
Weitsman calls M cuttable at ǫ if ǫ is a regular value of the moment map
on M ˆMnˆnpCq, one then has (cf. [Wei01, Remark 2.9])
Mǫ “
ď
kPt0,...,nu
Φ´1pPǫ,kq
M
„k,
where „k is determined by dividing out by the R-stabilizer of
b
1
i
µKp.q P
MnˆnpCq – all of these are isomorphic to Upkq. A major difference with
the Woodward construction is that the groups one quotients out by on the
boundary of the polytope Pǫ,0 are non-Abelian. In particular, M{ǫ Upnq
itself is a subspace of Mǫ. It is also harder to see if M is cuttable, compared
to the conditions of Definition (2.1) for the Woodward construction.
The main aim of the cut in [Wei01] is to produce compact spaces out of
non-compact Upnq-spaces with proper moment maps. For this purpose a
single cut will in general not suffice. Rather Weitsman takes a cut, reverses
the symplectic structure, takes another cut, and reverses the symplectic
structure again, to obtain
`
Mǫ
˘
δ
, which will always be compact.
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Appendix A. Symplectic structures on complex reductive
groups
As we want to compare a symplectic construction involving T ˚K with an
algebraic construction involving G, we need a way to relate the two. This is
provided by the following:
Lemma A.1. Let G be a connected complex reductive group, the complexi-
fication of a compact Lie group K. Assume we have a symplectic structure
ωG on G such that the two actions L and R of K on G are Hamiltonian
with moment maps rµL and rµR. Assume further that we have a projection
Π : GÑ K that is equivariant for L and R, and whose fibers are Lagrangian
for ωG. Then the morphism
Ψ : GÑ K ˆ rµRpKq Ă T ˚K : g ÞÑ `Πpgq, rµRpgq˘
is a K ˆ K-equivariant symplectomorphism onto an open submanifold of
T ˚K.
In particular, if rµR is surjective, we have a symplectomorphism with all of
T ˚K. As G{K is contractible, this image always contracts onto K. Notice
that the use of rµR in the definition of Ψ is a consequence of the choice
we made to identify T ˚K with K ˆ k˚ by means of left-invariant vector
fields.
Proof. Observe first that since the two actions commute, rµL is invariant for
the R-action and vice versa. Since both actions are free and the orbits have
half the dimension, the differentials of rµL and rµR are surjective, hence their
images are open, and the fibers of rµR are the orbits of the L-action and vice
versa. From this one checks straightforwardly that Ψ is a KˆK-equivariant
diffeomorphism that intertwines the moment maps.
To see that Ψ is a symplectomorphism, observe that from the properties of
Π it follows at once that the fibers of Π are transversal to the orbits (for
both actions). At any point g of G we can therefore write any tangent vector
X as a sum of a ‘vertical’ part Xv , which is tangent to a fiber of Π, and a
‘horizontal’ part Xh, tangent to the orbit of the R-action. Using the fact
that the fibers of Π are Lagrangian we have
ωGpXh `Xv, Yh ` Yvq “ ωGpXh, Yh ` Yvq ´ ωGpYh,Xvq,
and likewise for the pull-back of the symplectic form on T ˚K. Since bothXh
and Yh are evaluations of vector fields generated by R at g, the contractions
of the symplectic forms by them are determined by the moment maps rµR
and µR. Since Ψ intertwines these moment maps, the evaluations of both
forms are identical, and the result follows. 
The Cartan decomposition (see e.g [Kna02, Theorem 6.31]) says that every
element g in G can uniquely be written as g “ keiλ, with k P K and λ P k –
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this gives in fact a diffeomorphism between K ˆ k and G. As a consequence
we obtain a canonical projection
Πcd : GÑ K : g ÞÑ k
which is equivariant for L and R. It turns out that if we equip G with
the Ka¨hler form obtained from any faithful representation by restricting the
Euclidean Ka¨hler form on GLpN,Cq Ă MNˆN pCq, we can use this Πcd to
apply Lemma A.1. Indeed, we have
Lemma A.2. The fibers of Πcd are Lagrangian for the Ka¨hler form on G
inherited from MNˆN pCq.
Proof. This follows from a simple direct computation: the Ka¨hler metric on
MNˆN pCq can be written as
(16) gEpA,Bq “ TrpA B˚q,
and hence the Ka¨hler form can be written as
ωEpA,Bq “ ℜ e pTr pA piBq˚qq “ ´ℑm pTr pA B˚qq .
Tangent vectors to a fiber of Πcd at a point ke
iλ can be written as d
dt
ˇˇ
0
keipλ`tνq,
with µ and ν elements of upNq, i.e. anti-Hermitian matrices. We therefore
need to evaluate
ωE
ˆ
d
dt
ˇˇˇ
0
keipλ`tνq,
d
ds
ˇˇˇ
0
keipλ`sξq
˙
“ ´ B
2
BtBs
ˇˇˇ
p0,0q
ℑmTr
´
keipλ`tνq
´
keipλ`sξq
¯˚¯
“ ´ B
2
BtBs
ˇˇˇ
p0,0q
ℑmTr
´
eipλ`tνq eipλ`sξq
¯
.
(17)
But for any anti-Hermitian α and β one has that
Tr peiα eiβq “ Tr
´
eiα
t
eiβ
t
¯
“ Tr
´
eiαeiβ
¯
.
Hence any such Tr
`
eiα eiβ
˘
is always real, and therefore (17) vanishes. 
Remark 4. There are at least two obvious ways one can equip G with a Ka¨hler
structure: besides the one obtained from restricting the ambient Euclidean
Ka¨hler metric through an affine embedding (which we use in this paper), one
can choose an invariant metric on k and use this to identify k and k˚. Using
the Cartan decomposition this gives K ˆK-equivariant diffeomorphisms
G – K ˆ k – K ˆ k˚ – T ˚K.
The canonical symplectic structure on T ˚K and the complex structure on G
combine to a Ka¨hler structure, which is discussed in [Hal97]. Both of these
methods depend on a choice, but they are mutually exclusive.
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Appendix B. Polar decompositions and moment maps for
normal reductive monoids
There is a related area where we shall need the polar decomposition. Recall
that any matrix A in MNˆN pCq can be written as
A “ UP, with U P UpNq and P “
?
A˚A.
In this decomposition P is of course unique, but if A is not invertible U
is not (for invertible complex matrices the Cartan decomposition and the
polar decomposition coincide). Closely related to this is the fact that the
moment map for the R-action of UpNq on MNˆN pCq (equipped with the
Euclidean Ka¨hler metric) is given by
(18) µpAq “ iA˚A,
where we identify upNq with u˚pNq by means of xA,By “ ´TrpABq, com-
patible with the metric (16) we have chosen on MNˆN pCq. The polar de-
composition allows us to write down a section (i.e. a right inverse) s for µ: if
B is in the image of µ (i.e. if ´iB is positive semidefinite), simply put
(19) spBq “ ?´iB.
The entire pre-image of B under µ is then just the L-orbit UpNqspBq. The
section s is continuous; moreover, it is smooth on µpGLpn,Cqq.
These two items – a section of the moment map and a description of the
fibers of µ as L-orbits – are inherited by suitable submonoids of MNˆN pCq.
Indeed, we have the following:
Lemma B.1. Let S be a normal submonoid ofMNˆN pCq (with inclusion de-
noted by ι) given as the closure of a reductive subgroup H “ LC of GLpN,Cq,
with L “ H XUpNq and moment map µL : S Ñ l˚ for the R-action of L on
S. The map
(20) pdιq˚ : pµ ˝ ιqpSq ÝÑ µLpSq
is a homeomorphism, moreover it is a diffeomorphism between pµ ˝ ιqpHq
and µLpHq.
We shall denote the inverse of this homeomorphism as η; it is again smooth
on the relative interior of its domain. Observe that we always have
(21) pdιq˚ ˝ µ ˝ ι “ µL
from functoriality of the moment map.
Proof. We begin by restricting to H Ă S. By using Lemma A.1 (valid
because of Lemma A.2) and the Cartan decomposition, we get a diffeomor-
phism
χ : µLpHq –ÝÑ l.
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Using (18) and the fact that the Cartan decomposition is functorial with
respect to ι,
µLpHq Ñ µpιpHqq Ă upNq˚ : x ÞÑ iei2pdι ˝ χqpxq
is an inverse to the restriction of (20) to H and is a diffeomorphism onto its
image – by using the metric on upNq˚ – upNq one can think of this image as
the graph of a smooth function from µLpHq to the orthogonal complement
of l Ă uN .
By [Sja98, Lemma 4.10] both µ and µL are proper, hence it follows from
(21) that (20) is proper as well. Therefore the rest of the statement follows
provided we can establish that (20) is one-to-one, since a proper continuous
bijection between locally compact Hausdorff spaces is always a homeomor-
phism.
Since S is normal it is a spherical H ˆ H-variety (where we use both L-
and R-actions); it follows that symplectically it is a multiplicity-free space
for the action of L ˆ L (see e.g. [Bri87, §5.1] or the discussion in [Kno11,
§2]). As a result any fiber of ΦLˆL (the moment map of the L ˆ L action
composed with the projection to the positive Weyl chamber) consists of a
single L ˆ L-orbit. Since ΦLˆL “ pΦLL,ΦRL q and ΦLL “ τ ˝ ΦRL (where τ is
the involution of the positive Weyl chamber) this implies that any fiber of
µL is contained in such an LˆL-orbit. On the other hand, since the L- and
R-actions of L on S commute we know that any fiber of the moment map
for one is a union of orbits for the other. Hence for the fibers of µL we can
focus our attention on the R-action of L.
Let b be an element of SzH. For any g P L, µLpbg´1q “ µLpbq if and only if
Ad˚g pµLpbqq “ µLpbq. The only way that (20) could fail to be one-to-one is if
there existed such a choice of b and g with Ad˚ιpgqpµpιpbqqq ‰ µpιpbqq. Since
we know this cannot happen for elements in H, it suffices by continuity to
show that we can approach b by elements in H whose images under µL are
still stabilized by the same g.
In order to establish this we need some results about ΦRL pSq (or, equiva-
lently, ΦLˆLpSq). By [Sja98, Theorem 4.9] we know that ΦRL pSq is the cone
generated by the highest weights for the representation of H on the ring of
regular functions of S. In turn the latter is described by [Tim11, Corollary
27.17] (see also [Vin95b, Theorem 2]) – it is the intersection of the positive
Weyl chamber of L with the convex cone K generated by all the weights of
the representation of the maximal torus of H on CN induced by ι. Moreover
this gives us a description of the H ˆH orbits of S: by [Tim11, Theorem
27.20] they are in bijection with the faces of K whose interiors intersect the
positive Weyl chamber of L. In particular, this implies that if s P S is such
that ΦRL psq is in the interior of K, then s P H.
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Now, since K is invariant under the action of the Weyl group of L, it contains
its own projection onto zpLq˚, the dual of the Lie algebra of the center of L.
This projection is a cone in zpLq˚, and since ΦRL pSq has to generate all of the
dual of the Cartan of L (see [Vin95b, Theorem 2]), it has to contain elements
in the interior of K. Therefore we can approximate any ΦRL pbq by elements
in the interior of K by adding elements of zpLq˚, i.e. without changing the
stabilizer of µLpbq under the coadjoint representation. Since S is the closure
of H this means that we can indeed approximate b by elements in H with
the stabilizer condition as stipulated above, which concludes the proof. 
We can put this together with the section s of µ as
S MNˆN pCq
µLpSq µpMNˆN pCqq
l˚ upNq˚.
ι
µL
η
pdιq˚
µsL s
Lemma B.2. The composition sL :“ s ˝ η takes values in S, and can
therefore be understood as a section of µL.
Proof. By continuity it suffices again to check this on µLpHq. The section s
is characterized by the fact that the polar decomposition of any point in its
image can be chosen to have trivial unitary part. Now, if an orbit of the L-
action of UpNq on GLpN,Cq meets H (say in an element h), then the unique
element in this L-orbit whose polar decomposition has trivial unitary part
has to be contained in H itself. Indeed, use the Cartan decomposition for H
to write h “ leiλ. Then clearly also eiλ is contained in both the L-orbit of
UpNq and in H. As the Cartan decomposition is preserved by ι, this element
will have trivial unitary part for the Cartan decomposition of GLpN,Cq, as
well as for the polar decomposition (since the Cartan decomposition and the
polar decomposition coincide for invertible matrices). Hence sL takes values
in S, and since η is a section of pdιq˚ and s is a section of µ it follows from
(21) that sL is a section of µL. 
This section sL is again continuous and smooth on the relative interior of
its domain.
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Lemma B.3. Let S be a normal closed submonoid of MNˆN pCq as in
Lemma B.1. Then the fibers of the moment map µL for the R-action of
L on S are the orbits for the L-action of L (and vice-versa).
Proof. From Lemma B.1 and its proof we know that any fiber of µL is
contained in an L ˆ L orbit and gets mapped by ι to a single fiber of the
moment map of the R-action of UpNq on MNˆN pCq. On the other hand we
know that the fibers of µ are exactly the orbits of the L-action of UpNq. It
now suffices to remark that, for a point of S regarded as sitting inMNˆN pCq,
the intersection of its LˆL-orbit with its L-orbit for UpNq consists exactly
of its L-orbit for L. 
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